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Abstract. We consider the family of singularly nonautonomous plate equation with structural 
damping 

u tt + a(t, x)u t + (-A)iti + (-A) 2 u + \u = f(u), 
in a bounded domain O C R n , with Navier boundary conditions. When the nonlinearity / is 
dissipative we show that this problem is globally well posed in H^fl) x L 2 (f2) and has a family of 
pullback attractors which is upper-semicontinuous under small perturbations of the damping a. 
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1. Introduction 
We are concerned with the nonautonomous plate equation 

u tt + a € (t,x)u t + (-A)uj + (-A) 2 u + Xu = f(u) in fi, 

u = An = on Oil, 

where f2 is a bounded smooth domain in R", A > and / : R — > R is a dissipative nonlinearity with 
growth conditions which will be specified later. The map R 3 t h->- a e (t, •) £ L°°(f2) is supposed 
to be Holder continuous with exponent < (3 < 1 and constant C, uniformly in e £ [0,1]. 
Moreover, we suppose that there are positive constants ao, u\ £ R such that a ^ a e (t, x) ^ «i, 
for (t,x) £ R x f2, e £ [0, 1], and we assume the convergence a e (t,x) — > a (t,x) as e — > 0, 
uniformly in R x f2. 

The subject of this paper is to analyze the asymptotic behavior of the equation (11.11) . in the 
energy space Hq(Q) x L 2 (f2), from the pullback attractors theory point of view, (2l[8]|, and also to 
derive some stability properties for the "pullback structures" for small values of the parameter e. 

The investigation of the asymptotic behavior of nonlinear dissipative equations subjected to 
perturbations on parameters has been extensively studied in the last two decades, with the goal 
of understanding how the variation of some parameters in the models of the natural sciences can 
determine the evolution of their state. 

In the literature the asymptotic behavior and regularity properties of solutions of second order 
differential equations 

u tt + Au t + Bu = f(t,u), (1.2) 

where A and B are self-adjoint operators in a Hilbert space X and satisfy some monotonicity 
properties, has been subject of recent and intense research. Such problems arise on models of 
vibration of elastic systems and was extensively studied in [[61 [7l [91 [TOl [TT1 |T2l |T3l |T4l |T6l [T7]] and 
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in the references given there. It is important to observe that in such works the linear operators it 
is not time dependent. However, to study the problem (11.11) we will deal with equations where the 
linear operators are time dependent in the form 

u tt + A(t)u t + B(t)u = f(t,u). (1.3) 

We emphasize this particularity using the term singularly non-autonomous. To deal with such 
equations we will need a concise existence theory as well continuation results of solutions that will 
be done in the Section 2. In the Section 3 we obtain some energy estimates necessary to guarantee 
that the solution operator for (11.11) defines an evolution process which is strongly bounded dissi- 
pative. In the Section 4 we present basic definitions and the abstract framework of the theory of 
pullback attractors and we prove existence of pullback attractors for the problem (11.11) as well their 
upper-semicontinuity is e = 0. 



2. Setting of the problem 

If A := (-A) 2 denote the biharmonic operator with domain D(A) = {u G H 4 (Q) n H^(Q) : 
Au\qq = 0}, it is well known that A is a positive self-adjoint operator in L 2 {VL) with compact 
resolvent and therefore —A generates a compact analytic semigroup in £(L 2 (f2)). Let us to con- 
sider, for a ^ 0, the scale of Hilbert spaces E a := (D(A a ), \\A a ■ ||.L 2 (fi) + || ■ IU 2 (n))- It is of 
special interest the case a — ~, where — A^ is the Laplace operator with homogeneous Dirichlet 

boundary conditions, ie, Aj = —A with domain = H 2 (Q) D Hq(Q) endowed with the norm 

\\u\\ E i = ||Aw|| L 2 (f7) + |H|z2 (f }). 

Setting the Hilbert space X° : = x E°, let A : D(A) C X° ->• X° be the elastic operator 

-/ 
A + XI A\ 



A 



with domain D{A) := E 1 x E* . It is well known that this operator generates a compact analytic 
semigroup in X°, see for instance JH Ul El- Writing A e (t) :— A + B e (t), where B e (t) is the 
uniformly bounded operator given by 



B e (t) :-- 










a e (t,-)I 



it follows that A e (t) is also a sectorial operator in X°, with domain D(A e (t)) = D(A) (as a vector 
space) independent of t and e. We observe that from the definition of A t (t), it follows easily 
from Open Mapping Theorem that X 1 := (D(A), \\A- \\x° + 1 1 ■ \\x°) ls isomorphic to the space 
X 1 (t) := (D(A), \\A e (t) ■ \\x° + || • IU°)> uniformly in t G R and e G [0, 1], since we have 



Mi) 
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Next we introduce another scale of Hilbert spaces in order to rewrite the equation (11.11) as an 
ordinary differential equation in a suitable space. WeconsiderX" := (D(A a ), \\A a - \\x° + II • \\x°) > 
so by complex interpolation we have X a = [X°, X 1 }^ = E^~ x E% , and the a-realization A ta {t) 
of A e (t) in X a is an isometry of X a+1 onto X a . Also, the sectorial operator A ta {t) : X a+1 C 



X a — > X a in X a generates a compact analytic semigroup {e 



-Ae a (t)s 



: s ^ 0} in£(X Q ) which is 
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the restriction (or extension if a < 0) of {e~ A ^ s : s ^ 0} to X a . For more details we refer the 
reader to HI El. To shorten notation, we supress the index a and we write A e (t) for all different 
realizations of this operator. 

In this framework the problem (11.11) can be rewritten as an ordinary differential equation 



d_ 

dt 



a 

v 



Mt) 



u 

V 



F 



u 

V 



(2.1) 



with F 



u 

v 





f e (u) 



where f e is the Nemitskri operator associated to /. 

In order to obtain solutions of (12.11) we will need some information about the solution operator 
associated to the linear homogeneous problem 



d 
dt 



it 

v 



+ A e (t) 



a 

v 








u(t) 
v(t) 



t=t 



"0 
<'0 



g x c 



(2.2) 



and to do this we introduce the following definitions: 



Definition 2.1. Let X be a Banach space and assume that for all t G M. the linear operators 
A[t) : D C X — X are closed and densely defined (with D independent oft). 

a) We say that A(t) is uniformly sectorial (in X) if there is a constant M > (independent 
oft) such that 

M 



K^ + ^j)- 1 ! 



C(X) 



I Ml 



V fj.eC, Re(fi) ^ 0. 



(2.3) 



b) We say that the map t H- A(t) is uniformly Holder continuous (in X), if there are constants 
C > and < f3 < 1, such that for any t,r,sE K, 



\[A(t) - A^A^l 



C{X) 



«C C(t-rf. 



(2.4) 



c) We say that a family of linear operators {S(t,r) : t ^ r G M} C C(X) is a linear 
evolution process if 

1) S(t,t) = I, 

2) S(t, a)S(a, r) = S(t,r), for any t ^ a ^ r, 

3) (t, t) i — y S(t, t)v is continuous for all t ^ r and v G X. 



Notice that the requirements on a e , e G [0, 1] and the characterization of the resolvent operator 



(A + X)-\A2 +a e (t,-)I) (A + X)- 1 
-I 



guarantee that the operators A t are uniformly sectorial, and the map t H- A t (t) is uniformly 
Holder continuous in X°, uniformly in e. Therefore, following Q, it is possible to construct a 
family {L t (t,r) : t ^ r G M} C C(X°) of linear evolution process that solves (12.21) . for each 
eG [0,1]. 
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Definition 2.2. Let F : X a — > X 13 , a G \fi, (3 + 1), be a continuous function. We say that a 
continuous function x : [t ,t + t] — > X a is a (local) solution of (12.11) starting in x G X a , if 
x G C([t ,to + r],X a )nC ,1 ((t ,to + r],X Q ), x{t ) = x , x(t) G D (A e {t)) for all t G (t ,t + r} 
and (12.11) is satisfied for all t G (to, + t)- 

We can now state the following result, proved in (51 Theorem 3.1] 

Theorem 2.3. Suppose that the family of operators A(t) is uniformly sectorial and uniformly 
Holder continuous in X p . If F : X a — > X 13 , a G [/?,/? + 1), is a Lipschitz continuous map in 
bounded subsets of X a , then, given r > 0, there is a time r > such that for all x G B X "(0, r) 
there exists a unique solution of the problem (12.11) starting in x and defined in [to, t +r]. Moreover, 
such solutions are continuous with respect the initial data in Bx<* (0, r). 

Next we present the class of nonlinearities that we will consider. 

Lemma 2.4. Let f G C 1 (IR) be a function such that there exist constants c > and p > 1 such 
that \f'(s)\ ^ c(l + \s\p~ 1 ), VsGl. Then 

\f(s) - f(t)\ <: 7T x c \t -s\{l + \s\p- 1 + Itl"- 1 ) , 

Vs,t G R. 

Proof. For a,b,s > 0, one has (a + b) s ^ 2 s max{a s , b s } ^ 2 s (a s + 6 s ). Hence, given s, t G R, it 
follows from Mean Value's Theorem the existence of G (0, 1) such that 

- = \s - t\\f((i - 9) s + et)\^ c\s - 1\ (i + |(i - 0) 5 + etr 1 ) 

^ 2 p - 1 c\s - t\ (1 + |(1 - 6')s^- 1 + Ifltl'- 1 ) ^ 2"- 1 c|s - t\ (1 + l^" 1 + l^- 1 ). 

□ 

n + 4 

Lemma 2.5. Assume that 1 < p < an J to / G C 1 (M) Z?e a function such that there exists a 

constant c > such that \f'(s)\ ^ c(l + Is^" 1 ), Vs e 1. TTjctz ?/iere existo a G (0, 1) smc/i ?/?a? 

la 1 

the Nemitskii operator f e : E* — > E~z is Lipschitz continuous in bounded subsets of E?. 
Proof. Let be a G (0,1) such that 

P ^ -r- (2.5) 

n — 4 

Since £ 7 ^ H 4 ^(Q), we have E^ ^ E% ^ H 2a {Q) ^ . Therefore LOT(fl) ^ £Tf . 

Now by Lemma [2741 and Holder's Inequality we obtain 

\\m-m\\ E -^c\\r( U )-nv)\\ L ^ m 

2n 



/ p^cju -u|(l + K" 1 + M P_1 



^ C ||W — Vll 2n ( / (l 

11 u i^=^(n) » ' v 



W -1 + M^ 1 ) 4 " 



<2 
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zn a 

where c is the embedding constant from L"+ 4 « to E~z. 

From Sobolev embeddings ^ Z?f ^ H 2a (Vt) ^? i"'^ 1 ' (fi) for all 1 < p < 
follows that 



4a 



it 



|| i I 1 + ||it|| p i 1 



i iip-i 
\ v \\ i 



||/ c (")-/ e («)IU-9 ^ Ci II" 

for some constant C\ > 0. □ 

Remark 2.6. SmceL^(fi) ^ L 2 (f2), it follows from the proof of the Lemma \2.5\ that f e : — > 
L 2 (Q) is Lipschitz continuous in bounded subsets, that is, 



\\r(u) - r(v)\\ L2{n) < c \\r( u ) - f e (v)\\ L ^ {Q) < gy u 



V\\ i . 



Corollary 2.7. 7/"/ ?s Z?'fce m the Lemma \23\ and a G (0, 1) satisfies (12.51) . the function F : X c 












( 




)- 


. f e (u) 



, is Lipschitz continuous in bounded subsets of X°. 



Now, Theorem 12.31 guarantees the local well posedness for the problem 1231 in the energy space 
H 2 (Q) x L 2 (Q). 

Corollary 2.8. Iff,F are like in the Corollary M. 7\ and a G (0,1) satisfies (12.51) , then given r > 0, 
for each e G [0, 1] there is a time r = r(r) > 0, such that for all xq G Bxo(0, r) there exists a 
unique solution x : [to, to + r] — > X° of the problem (12.11) starting in xq. Moreover, such solutions 
are continuous with respect the initial data in Bxo (0, r). 

Since r can be chosen uniformly in bounded subsets of X°, the solutions which do not blow up 
in X° must exist globally. 



3. Existence of global solution 

In this section we establish estimates in X° which implies global existence of solutions of the 
problem (12.11) . The choice of X° is suitable to study the asymptotic behaviour of (11.11) . since we 
may exhibit an energy functional in this space. 

We consider the norms 



\u\\ l 

2 



\ Au \\l 2 (n) + x \\ u \\l 2 (n) 



and 





u 








V 







Ml 2 i 



Ml 2 



L 2 {n) 



which are equivalent to the usual ones in E i = H 2 (n)f~)H^(n) andX = H 2 (Q)nH^(Q)xL 2 (Q), 
respectively. 



For any < b ^ -, usind Young's and Cauchy-Schwarz Inequality, we obtain 



Hi 

2 



\l 2 (q) 



^ b 



\ll ll 2 
A \\ u \\L 2 (n) 



l7;ll 2 



< 2bX * (u,v) L2{n) 



(3.1) 



X\\u\ 



L 2 {n) 



\L 2 (n) 



\u\\ i + \\v\ 



L 2 (fl) 
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which leads to 



u 

V 



x° 



1 

< - 

2 



u 

V 



x° 



+ 2b\i (u,v) L2{n) < - 



u 

V 



(3.2) 



x° 



First of all, we deal with the homogeneous problem (12.21) . In this case we define the functional 

W : X° -> R by 



W 





u 






u 




( 


V 


H 




V 





x° 



+ 26A2 (u,v) L2(n) 



(3.3) 



If x 



u 

V 



: [t , to + r ] ~~ ^ X° is the solution of the problem (12.21) starting in x 



X°, then m = u(t) is a solution (local in time) of the homogeneous problem 



u 
v 



u tt + a e (t, x)u t + (-Au t ) + (-A) 2 u + Xu = 
u = Au = 



in f2, 
on dCl. 



(3.4) 



Putting f = u t in (13.31) . we have by regularity of u given in the Corollary 12.81 and by Young's 
Inequality that 



dt 



u 

Ut 



= (Au, Au t ) L2[Q) + X(u,u t ) L2{n) + (u t ,u tt ) L2{n) +2b\2 (u t , u t ) L2(n) + 2bX* (u,u tt ) L2{n) 
= (Au, Au t ) L2{n) + X (u, u t ) L2{n) + (ut, -a £ (t, x)u t - (~A) 2 u - (-A)u t - Xu) L2{n) 

+ 2bX^ (t*t, u t ) L 2 {n) + 2b\^ (u, -a e (t, x)u t - (- A) 2 u - (-A)u t - Xu) L2(Q) 
«C -{ao - 2bX^)\\u t \\ 2 L2{n) + 2ba^ (-u, u t ) L2[n) - 2bX^ (u, (-A) 2 u) L2[n) 

- 26A5 (u, -Au t ) L2{n) - 2bX^ ||«||£ 2(n) 
^ -(a - 2bX 1 * - bX^)\\u t \\ 2 L2{n) + 2&aiA3|M| ia(n) K|| ia(n) - (26A^ - bX L 2)\\Au\\ 2 L2{n) 



2&A§IMI 2 r 



L 2 (n) 



^-(a -2bX 1 * -bX 1 z)\\u t \\ 2 L2{n) + 



baiX 7 < 
V 



(26A3-6A3)||A«||i a(n) -26Ai||«||i 3(n) 
i baiXz 



^ -(a - 26A2 - 6A5 
-6A5(||A M ||| 2(n) +A|| M ||i 2(n) ) 



|2 



)INIi*(n) + A5(&ai7/ - 6A)||u||i a(n) 



A 



for all 7/ > 0. Taking rj = — it follows that 

Cti 



d_ 

dt 



W 



u 



< — (ao — 2bX? — bX? — 



aF 



!2 (n) -6A5(||A M ||| 2(n) + A||«||| 2(n) ; 
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Choosing < b ^ ^ such that a — 2b\^ — be\^ — > 0, and taking § = min{a _ 2b\^ — 

4 \2 

bo? 

6A2 6A2 } > we have that (13.21) implies that 

A2 



dt 



( 


u 


)<- 









Ml 1 + IKHiajn) 





u 






) 









Therefore 



1 

4 



x 



X 



^ W 



u 
v 



f{t-t ) / 3 



Uq 
<'() 



e -f(t-t ) 



for all t E [t , t + r]. 

Hence we conclude that the solutions of (13.41) are uniformly exponentially dominated for initial 
data x in bounded subsets B C X°. 

In order to get energy estimates in the semilinear case (12.11) . we assume besides of the hypothesis 
in the Corollary 12 .7 [ the dissipativeness condition 



limsup ^ ^ 0. 



(3.5) 



In this case we consider the following functional W : X° — > 



it 



u 

V 







(3.6) 



where T e is the Nemitskii map associated to a primitive of /, J-'(s) 



fit) dt. 



Now we suppose that x 



a 

v 



: [t , t + t] — > X° is the solution of the problem (12.11) starting 



in x 



»o 



G X°. Therefore u = u(t) is a solution (local in time) of the equation 



u u + a e (t, x)u t + (-Ait t ) + (-A) 2 u + Au = /(«) 
u = Au = 



in f2, 
on <9f2. 
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Similarly to the homogeneous case we have 



dt 



u 
u t 



(Au,Au t ) L2{n) + \(u,u t ) L2[Q) + (u t ,u tt ) L2{Q) +2b\2 (u t ,u t ) L2{n) + 2bX^ (u,u tt ) L2(n) 

- / f(u)u t dx 
Jn 

(Au,Au t } L2(n) + A (u,u t ) L 2 {n) + (u t ,-a £ (t,x)u t - (-A) 2 u- (-A)u t - Xu + f(u)) L2{n) 
+ 2bX^ (u t , u t ) L2{n) + 2bX* (u, -a e (t, x)u t - (-A) 2 il - (-A)u t - Xil + f(u)) L2{n) 

- / f(u)u t dx 
Jn 



(O) 



^ -(a - 2bXi - 6A2 - bai ^ 2 )\\u t \\ 2 L 2( n) + X^ipair] - bX)\\u\\ 2 L2 

-6A5(||AM||| a(n) + A|H|i 3(n) ) + 26A5 / f(u)udx. 

Jn 

for all 7] > 0. 

To deal with the integral term, just notice that from dissipativeness condition (13.51) . for all v > 
given, there exists R v > such that for \s\ > R u one has f(s)s ^ us 2 . Moreover being the 
function f(s)s bounded in the interval \s\ ^ R v there exists a constant M v such that f(s)s ^ 
M v + us 2 for all s eR. 

Therefore, given v > there exists C v > such that 



Therefore 



dt 



u 

Ut 



f(u)udx ^ Hl u llz, 2 (n) + C v - 



baiXi 



< -(a - 26At - 6A^ - ^^)\\ Ut \\l 2{sl) + A* (tan; - &A)||w||£ 2(n) 

- &A^(||A w ||| 2(n) + A|| M ||| 2(f2) ) + 2&A*(i/|M|£ a(n) + a) 

6aiA5 



< -(a - 26A5 - 6A2 



7/ 

|2 n 

\L 2 (n), 



u t\\^{n) + A2 ( ba iV ~bX + 26z/)||u|| L2(n) 
+ 2b\*C v . 



Now, fixing v 6 (0, — ) and taking 77 = - — — > 0, we have 

2 CKi 



u 



< -(a -26A5-&A 



6«iA2 
77 



«t|li3 (n) -6A3(||A«||i a(n) +A||u||| 2(n) )+26A3a 



Choosing < b < — 
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«0 



dt \ u t 



and u = min{a — — bX^ — ^ ai ^ ; bX^} > 0, we have 



< -co 



11 

U t 



+ 2bX*C u . 



x° 



Now we observe that if £ £ # 2 (fi) m> L^(fi), then \i\' J+1 £ i>-4)(H-D (fi) ^ L 1 (fi) for all 
n + 4 

1 < p < -, and our hypothesis on / implies that \f(s)\ ^ c(l + |s| p ), sei 



n-4 

Therefore we can find a constant c > 1 such that for all £ £ 




n jo 



and therefore 



/( s )^x<c|ieiii(i + neiK 

2 

d / t X f{s)dsdx ^U\\\. 
Jn Jo 2 



2 



(3.7) 



whenever ||£|| 1 ^ r and considering d 
Hence from (13.71) we derive that 



c(l + r^- 



< 1. 



and we obtain 

777 



u 
u t 



X" 



u \\ II 2 u 
'2" U h ~ 2 



2 UJ 2 WC? 




f(s)dsdx 



n Jo 



u 
u t 



2 

CO 



u 
u t 

AW 



+ 



duo 



x° 
a 
u t 



€ -uoW 



u 
u t 



+ 

f 2b\*C v 



f f f(s)dsdx + 2bX^C u 
Jn Jo 

d / f(s)dsdx 
Jn Jo 



2bX*C v 



where uo = min{2oj, -^-}- 

As in the homogeneous case, we conclude that this solutions are uniformly exponentially do- 
minated for initial data xq in bounded subsets B C X°, ie, there exist constants K = K(B) and 
Ki > such that 

\\x(t)f x0 < Ke-^-^ + Ki, (3.8) 
for all solution x : [t , t + r] — > X° of the equation (12.11) starting in x £ B. 

Remark 3.1. Estimate (|3.8I) and Corollary 12. 8\ allow us to consider for each initial data xq £ X° 
and each initial time r £ R, ?/ze global solution x e = x e (-,r, x ) : [r, 00) — >■ X° of the equation 
(12.11) starting in x . This arises an evolution process {S e (t,r) : t ^ r} in ?/ze state space X° 
defined by S e (t, t)x = x £ (t, r, a: )- According to [0 

S e (t,r)x = L e (t,T)x + J L e (t,s)F(S e (s,T)x )ds, Vt > r £ E, (3.9) 
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where {L e (t,r) : t ^ r G R} is the linear evolution process associated to the homogeneous 
problem (12.21) . 

4. Existence of pullback attractors 

In this section we prove the existence of pullback attractors for the problem (11.11) and the upper- 
semicontinuity of the family of pullback attractors when the parameter e goes to 0. For the sake of 
completness we will present basic definitions and results of the theory of pullback attractors. For 
more details the reader is invited to look HI El El. 

We start remembering the definition of Hausdorff semi-distance between two subsets A and B 
of a metric space (X, d): 

dist h(A, B) = sup inf d(a, b). 

Definition 4.1. Let {S(t,r) : f )t£ R} be an evolution process in a metric space X. Given A 
and B subsets of X, we say that A pullback attracts B at time t if 

lim dist H {S (t,r)B, A) = 0, 

T— > — OO 

where S(t, r)B := {S(t, t)x G X : x G B}. 

Definition 4.2. The pullback orbit of a subset B C X relatively to the evolution process {S(t, r) : 
£ ^ t Gl} in the time t GRii defined by J P (B, t) := [J T ^ t S(t, r)B. 

Definition 4.3. An evolution process {S(t, r) : t ^ t} in X is pullback strongly bounded if, for 
each t GK and each bounded subset B of X, |J T <t 7p(-^j r ) 25 bounded. 

Definition 4.4. An evolution process {S(t,r) : t ^ r G M.} in X is pullback asymptotically 
compact if for each t G M, eac/z sequence {r n } in (— oo, £] with r n — oo and each bounded 
sequence {x n } in X such that {S(t, T n )x n } C X is bounded, the sequence {S(t, T n )x n } is rela- 
tively compact in X. 

Definition 4.5. We say that a family of bounded subsets {B(t) : t G M.} of X is pullback absorbing 
for the evolution process {S(t, r) : t ^ r G R}, (/"/or eac/z t G R and for any bounded subset B 
of X, there exists To(£, B) ^ £ smc/i f/iaf 

5(£, t)B C B(t) for all r ^ r {t, B). 

Definition 4.6. We say that a family of subsets {A(£) : t G R} of X is invariant relatively to the 
evolution process {S(t, r) : t ^ r G R} ifS(t, r)A(r) = K{t), for any t ^ r. 

Definition 4.7. A family of subsets (A(£) : £ G R} o/X w called a pullback attractor /or ?/ze 
evolution process {S(t, r) : i ^ t G 1} ifif is invariant, A(£) is compact for all t G R, and 
pullback attracts bounded subsets of X at time t, for each t G R. 

In the applications, to prove that a process has a pullback attractor we use the Theorem 14.91 
proved in 0, which gives a sufficient condition for existence of a compact pullback attractor. For 
this, we will need the concept of pullback strongly bounded dissipativeness. 
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Definition 4.8. An evolution process {S(t, r) : t ^ r £ R} in X is pullback strongly bounded 
dissipative if, for each t £ K, there is a bounded subset B{t) ofX which pullback absorbs bounded 
subsets of X at time s for each s ^ t; that is, given a bounded subset B of X and s ^ t, there 
exists tq(s, B) such that S(s, r)B C B(t), for all r ^ tq(s, B). 

Now we can present the result which guarantees the existence of pullback attractors for non- 
autonomous problems. 

Theorem 4.9 ([HI). If an evolution process {S(t, r) : t ^ r £ R} in the metric space X is pullback 
strongly bounded dissipative and pullback asymptotically compact, then {S(t, r) : t ^ r £ M} 
has a pullback attractor {A(i) : t £ M} with the property that \J T<t A(r) w bounded for each 



Next result gives sufficient conditions for pullback asymptotic compactness, and its proof can 
be found in (3]|. 

Theorem 4.10 (IS). Let {S(t, s) : t ^ s} be a pullback strongly bounded evolution process such 
that S(t, s) = T(t, s) + U (t, s), where U (t, s) is compact and there exist a non-increasing function 
k : M + x M + — > M, with k(a, r) — > w/zen cr — > oo, and for all s ^ t and x £ X wzY/z ||x|| ^ r, 
||T(t, s)x\\ ^ A;(t — s,r). Then, the family of evolution process {S(t,s) : t ^ s} is pullback 
asymptotically compact. 

Theorem 4.11. Considering in X°, the family of operators 



obtained from (13.91) . the family of evolution process {U e (t, r) : t ^ r} is compact in X°. 
Proof. The compactness of U e follows easily from the fact that 



From estimate (13.81) it is easy to check that the evolution process {8{t, r) : t ^ r} associated 
to the equation (12.11) is pullback strongly bounded. Hence, applying Theorem 14. 10L we obtain 
that the family of evolution process {S e (t, r) : t ^ r} is pullback asymptotically compact. Now, 
applying Theorem 14.91 we get that equation (11.11) has a pullback attractor {A e (s) : s £ M} in 

X° = H 2 (Q) n H%(Q) x L 2 (VL) and that \J sm A e (s) c X° is bounded. 

4. 1 . Upper-semicontinuity of pullback attractors. For each value of the parameter e £ [0, 1] we 
recall that S e (t, r) is the evolution process associated to semilinear problem (12.11) . Now we prove 
that the family of pullback attractors {A e (t)} is upper-semicontinuous in e = 0, ie, we show that 



t £ R 





X"2 E~s, 



being the last inclusion compact, since that a < 1. 



□ 



limdist(A e (t), Ao(t)) = 0. 




. For each x £ X° consider u = S e (t, t)u and 



w - \w + f(u) - f(v) 



(4.1) 
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It follows from Remark [2T61 that / is Lipschitz continuous in bounded set from to L 2 {Vt). 
Since u,v,u t and v t are bounded, Young's Inequality leads to 

d . 



dt 



w 
w t 



= (w,w t } E i + (wt,w tt )mn) 

= (Aw, Aw t ) L 2(n) + \{w, w t ) L 2(n) + (w t , Wu)l^{q.) 

= (A 2 w + Xw + w tt , w t ) L 2 in) 

= (a (t, x)v t - a e (t, x)u t + Aw t + f(u) - f(v), w t )i?{n) 

= (-a (t,x)w t + (a (t,x) - a e (t,x))u t ,w t ) L 2 {n) - \\Vw t \\ 2 L2(n) + (/(«) - f(y),w t ) L *(n) 
< -ao||w t ||| 2(n) + ||ao - a e ||i,«»CRxn)IK||La(n)IK||ia(n) + ^(HHIi^) + IKIIiW 



Therefore, 

wt{t) 



w 



€ K 



Ala - a e \\ L o 



w(s) 
w s (s) 

w(s) 
w s (s) 



ds + Kit - r)\\a - a e \\ LX( ^ xn) + Z 
ds + K{t - t)\\oq - a £ ||i,«,( Kxn ) 



w(t) 



Z 



where K = max < K, 



w(t) 
Wt{r) 



[ax - a ) 

Hence, by Gronwall's Inequality it follows that 



IHIi + 11^*11x2(0) ^ K\\a - a £ || L oo( RxC) 



(4.2) 



as e in compact subsets of R uniformly for x in bounded subsets of X°. 

For 5 > given, let r G R be such that dist(5 , (t, r)S, ^o(t)) < § , where S D (J ^4 e (s) is a 



bounded set (whose existence is guaranteed by Theorem 14.91) . 
Now for (14.21) . there exists e > such that 

sup H^^, -r)a e — ^(t, -r)a e || < -, 
a e eA(t) ^ 

for all e < e . Then, 

dist(A(t), AW) < distiS e (t,T)A e (T),S (t,r)A £ (T))+di8tiS (t,T)A e (T),S (t,r)Ao(^) 

& 3 

= sup dist(S' e (t, r)a e , S (t, r)a t ) + dist(S , (t, r)A e (t), A (t)) < - + -, 

s £ 6A(t) ^ 1 

which proves the upper- semicontinuity of the family of attractors. 
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